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ABSTRACT. The paper formulates a precise relationship between the Tate-Shafarevich
groupX(E) of an elliptic curve E over Q with a quotient of the classgroup of Q(E[p])
on which Gal(Q(E[p]/Q) = GL2(Z/p) operates by its standard 2 dimensional repre-
sentation over Z/p. We establish such a relationship in most cases when E has good
reduction at p.
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1. INTRODUCTION
Let E be an elliptic curve over Q, p an odd prime number, and ρ : Gal(Q¯/Q) −→
GL2(Fp) the associated Galois representation on elements of order p on E. Assume that
the image of the Galois representation is all of GL2(Fp). The representation ρ then gives
rise to an extension K of Q with Galois group GL2(Fp). Let ClK denote the class group
of K. The group GL2(Fp) being the Galois group of K over Q, operates on ClK , hence
on the Fp-vector space ClK/pClK . Write the semi-simplification of the representation of
GL2(Fp) on ClK/pClK as
∑
Vα, where Vα’s are the various irreducible representations
of GL2(Fp) in characteristic p. It is a well-known fact that any irreducible representation
of GL2(Fp) in characteristic p is of the form Vi,j = Sym
i ⊗ detj , 0 ≤ i ≤ p − 1, 0 ≤
j ≤ p − 2 where Symi refers to the i-th symmetric power of the standard 2 dimensional
representation of GL2(Fp), and det denotes the determinant character of GL2(Fp).
It is a natural question to understand which Vi,j’s appear in ClK/pClK . The aim of
this note is to formulate some questions in this direction which can be viewed as a GL2
analogue of the famous theorem of Herbrand-Ribet, [Ri1], and [Was] for an exposition.
One is hoping for a conjectural answer along the lines of Herbrand-Ribet to say that the
representation Symi(Fp + Fp)⊗ det
j of GL2(Fp) appears in ClK/pClK if and only if the
‘algebraic part’ of the first nonzero derivative of L(s, Symi(E)⊗detj) at 0 is divisible by
p (in some favorable situations such as when E has good reduction at p).
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The authors have not seen any computation of theGL2(Fp) representation onClK/pClK
into a sum of irreducible pieces (after semi-simplification) where K = Q(E[p]) is a Ga-
lois extension ofQ, say withGal(K/Q) = GL2(Fp). Presumably it is not beyond present
computational powers to do such a computation say for p = 5; this would be very useful
data to have for the problems discussed in this paper. There are examples known due to
K. Rubin and A. Silverberg [RS] of families of elliptic curves with the sameQ(E[5]) with
Galois group GL2(F5). Are there elliptic curves of the same rank, say = 0, in this family,
for which the 5-valuation of the algebraic part ofL(E, 1) as in the Birch-Swinnerton-Dyer
conjecture are different? If our suggestions in this paper are correct then this should not
happen!
In an unfinished manuscript of the first author [P2], a heuristic relating representations
of GL2(Fp) on HK/pHK and divisibility of certain L-values was given based on factori-
sation of the class number formula for the Dedekind zeta function ζK(s):
ζK(s) = −
hR
w
sr1+r2−1 + higher order terms...,
in terms of the complex representation theory ofGL2(Fp) on the left hand side of the class
number formula, and in terms of mod p representation theory on the right hand side of the
classnumber formula involvingHK/pHK . We will not detail the heuristic considerations
made in [P2] except to say a few words on congruences of automorphic representations
and of their L-values.
We first fix some notation. We will fix an isomorphism of Q¯p with C where Q¯p is a
fixed algebraic closure of Qp, the field of p-adic numbers. This allows one to define p, a
prime ideal in Z¯, the integral closure of Z in C, over the prime ideal generated by p in Z.
One defines congruence modulo a prime p in Q¯, of automorphic representations of
G(A) forG a reductive algebraic group overQmost simply through congruence of Hecke
eigenvalues (i.e., of the algebra H(G(Zp)\G(Qp)/G(Zp),Z)) at places of Q where G is
unramified, i.e., is quasi-split and splits over an unramified extension; for the notion of
congruences of automorphic representations, it is best to demand congruence of Hecke
eigenvalues only at almost all places ofQ where G is unramified, omitting an unspecified
finite set of places of Q including those where the group is ramified. (To be able to talk
of congruences presupposes algebraicity of Hecke eignevalues.) Observe that transferring
representations on a groupG1(A) toG2(A) via a map of the L-groups
LG1(C)→
LG2(C)
which carries congruent automorphic representations ofG1(A) to congruent automorphic
representations of G2(A), allows one to talk of congruences of automorphic representa-
tions on two very different groups by embedding their L-groups in a (suitable) common
L-group!
For GL2(F ), where F is a totally real number field, congruences for holomorphic el-
liptic modular forms are usually defined using Fourier expansions. For the symplectic
similitude group GSp2n(F ), and the symplecic group Sp2n(F ), F a totally real number
field, there is still the notion of Fourier expansion, and one can hope that at least for
these groups, algebraicity (resp. p-integrality) of Hecke eignevalues is equivalent to al-
gebraicity (resp. p-integrality) of Fourier coefficients (up to a scaling) of an appropriate
‘newform’, and that further, congruences too can be read off from Fourier expansion. The
recent work of Furusawa and Morimoto [FM] building on earlier work of Dickson, Pitale,
Saha and Schmidt on ‘Bo¨cherer conjecture’ for GSp4(AQ) relating Fourier coefficients
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to central L-values (which themselves are supposed to have rationality and congruence
properties) lends support to such an expectation, although many others have advocated a
contrary expectation, see for example, end of page 251 of [Ha]. Modular forms of half
integral weight forGL2(F ), where F is a totally real number field, have very similar gen-
eral features in that their Fourier coefficients too are related to central L-values (by the
work of Waldspurger), presumably rationality and integrality up to a scalar are the same
as that of the Hecke-operators.
If there was a (p-adic) Galois representation associated to the automorphic represen-
tations under consideration, one could call two automorphic representations congruent if
the associated Galois representations with values in GLn(Qp) were isomorphic modulo p
(after semi-simplification).
We next briefly talk about L-values. According to the conjectures of Bloch and Kato
[BK], the highest nonzero derivative of a motivic L-function at any integral point can be
written canonically as a product of an algebraic part, and a transcendental part, allowing
one to talk of primes of Q dividing an L-value, which would be a short form for talking
of primes of Q dividing the algebraic part of the (highest nonzero derivatives of) the
L-function at an integer. We recall, as is standard in the subject, that when speaking of L-
functions of automorphic representations which are congruent modulo p, the Euler factors
above p are to be removed. In some cases, we could be lucky to be dealing with an L-
value which is itself algebraic. This is for instance the case for Herbrand-Ribet’s theorem
[Ri1], and [P] for a more general context involvingL-values of finite Artin representations
cutting out CM number fields. (Perhaps, highest nonzero derivative of an irreducible L-
function at an integer point is never algebraic unless one is dealing with these CM Artin
representations!) In this paper, we will be comparing an Artin L-function with one of
an Elliptic curve which by the Birch-Swinnerton-Dyer conjecture has a well-formulated
algebraic part L(1, E)alg.
The questions formulated in [P2] are predicated on the following, general but somewhat
vague principle, which seems to lie at the basis of being able to define p-adic L-functions:
if two automorphic representations are congruent modulo p, then the algebraic parts of
their LS-values (where LS denotes partial L-function, removing Euler factors at S which
is any finite set of places of Q containing p,∞ and any prime where either of the two
representations is ramified) at any integral point are both p-integral, or neither are p-
integral, and if p-integral, they are congruent modulo p.
2. MAIN QUESTION
The following question from [P2] is at the basis of this paper.
Question 2.1. Let E be an elliptic curve over Q such that E(Q) = 0. Let K = Q(E[p])
be the Galois extension of Q obtained by attaching elements of order p on E where p
is an odd prime. We assume that Gal(K/Q) = GL2(Fp), and also that p is coprime to
cℓ = [E(Qℓ) : E(Qℓ)
0], the so-called Tamagawa factors, for all finite primes ℓ. Let ClK
denote the class group ofK which comes equipped with a natural action ofGal(K/Q) =
GL2(Fp). Then if p||X(E)(Q)|, is it true that the GL2(Fp) representation ClK/pClK
contains the standard 2-dimensional representation of GL2(Fp) as a quotient? What
about the converse?
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There are two natural appoaches to attack this question: one which is what we will
discuss in greater detail from next section, using Selmer groups, and the machinery of
Galois cohomology available to deal with it. The other approach, as in the pioneering
work of Ribet [Ri1] is by looking at the congruence of cusp forms with an Eisenstein
series. The method of Ribet has two basic steps:
(1) finding cusp forms on GL2(AQ) which are congruent to a given Eisenstein series
if the constant term of the Eisenstein series is zero mod p,
(2) proving that the associated mod p representation of the cusp form serves the pur-
pose of constructing everywhere unramified extension of Q(µp) of the desired
kind.
Neither of the two steps is understood for GSp(4) (perhaps not even for GL2(AQ) in
some generality?), except that there is a recent work due to Bergstro¨m and Dummigan,
[BD] where they formulate some general questions along these lines. Note that there
are two conjugacy classes of maximal parabolic subgroups in GSp(4) and both could be
sources of such congruences, and therefore could have applications to Galois representa-
tions. We make very brief comment on what the method of Ribet will give if the two steps
above were accomplished.
We first take up the case when the Eisenstein series is one on Klingen parabolic associ-
ated to a cusp form (on the Levi subgroup of the Klingen parabolic) so that the associated
Galois representation lands inside the dual parabolic which is the Siegel parabolic. In
this case, a congruence between Eisenstein series and a cusp form will be a source of
Sym2(Fp + Fp)⊗ det
j appearing in ClK/pClK .
Next we consider an Eisenstein series supported on a Siegel parabolic (so that the asso-
ciated Galois representation lands inside the Levi of the Klingen parabolic). The Klingen
parabolic P in GSp(4) looks like
1→ N → P → GL(2)×Gm → 1,
with N a non-abelian unipotent group of dimension 3 which is the 3-dimensional Heisen-
berg group, and thus has a centre of dimension 1. Dividing N by the center one gets 2
dimensional representation of GL(2) which thus seems ideally suited to give rise to ex-
tensions ofK on which the Galois group ofK, i.e., GL2(Fp), operates by a twist of the 2
dimensional standard representation.
The specific question thus is that if p divides (the algebraic part of) L(1, π ⊗ ωj), there
is a cusp form on GSp(4) which is congruent to an Eisenstein series.
For a specific example of such a congruence, see the paper of Harder [Ha] where for the
unique elliptic modular form f for SL2(Z) of weight 22, he conjectured existence (which
was later confirmed) of certain cuspidal eigenform on GSp(4,AQ) with the following
congruence for Hecke eigenvalues, which we just write down from his paper without
further explanations:
λ(p) ≡ p8 + af (p) + p
13 mod 41, for all primes p,
except to note that
Λ(f,14)
Ω+
is an integer, and the crucial reason for the prime 41 is:
41|
Λ(f, 14)
Ω+
.
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In the context of Harder’s example, an optimistic hope will be that the mod 41 Galois
representation associated to the eigenform f of weight 22 for SL2(Z) cuts out aGL2(F41)
extensionKf ofQ which has an unramified abelian extension on which GL2(F41) acts by
Sym1 ⊗ det−8 (or, is it Sym1 ⊗ det−13?).
3. CLASS GROUP AND TATE-SHAFAREVICH GROUP
Rest of this paper deals exclusively with constructing the standard 2-dimensional rep-
resentation ofGL2(Fp) on the class group ClK/pClK using Selmer group of E, an elliptic
curve defined over Q.
Let Selp(E/Q) be the p-Selmer group of E over Q defined by the exact sequence
0 −→ Selp(E/Q) −→ H
1(Q, E[p]) −→
∏
v
H1(Qv, E(Qv)),
where v varies over primes ofQ. Since the restrictionmapH1(Q, E[p]) −→ H1(Qv, E(Qv))
factors through H1(Q, E[p]) −→ H1(Qv, E[p]), we also have the following exact se-
quence
0 −→ Selp(E/Q) −→ H
1(Q, E[p]) −→
∏
v
H1(Qv, E[p])/Im(κv),
where
κv : E(Qv)/pE(Qv) −→ H
1(Qv, E[p])
is associated to the multiplication by p map (called the Kummer map of E) on the Galois
cohomology groups
0 −→ E[p] −→ E
p
−→ E −→ 0.
Let
κurv : E(Q
ur
v )/pE(Q
ur
v ) −→ H
1(Qurv , E[p])
be the Kummer map of E over the maximal unramified extensionQurv of Qv .
For every prime v of Q, we get restriction maps
Selp(E/Q)
resv−→ Im(κv)
and
Selp(E/Q)
resurv−→ Im(κurv )
For every prime v 6= p of Q, let cv(E) denote the Tamagawa number of E over Q. Under
the assumption that cv is p-adic unit for every v 6= p, we shall show that res
ur
v is the
zero map. In particular, this implies that elements of Selp(E/Q) are unramified outside p.
Further, if Z/pZ-rank of Selp(E/Q) is at least two then we shall show that the kernel of
resurp is non-trivial. Thus we get elements in Selp(E/Q) which is unramified everywhere
allowing us to construct quotients of ClK/pClK isomorphic to E[p] as Gal(K/Q) =
GL2(Z/p)-modules.
Suppose that E has good ordinary reduction at p. Then E˜p[p] is a rank one Fp-vector
space, and is the maximal unramified quotient ofE[p] considered as aGp = Gal(Q¯p/Qp)-
module. Put, ap(E) := p+1− E˜p(Fp). Since, E has good ordinary reduction at p, ap(E)
is p-adic unit and therefore the polynomial X2 − ap(E)X + p has a unique p-adic unit
root. Let αp be such a root. Then, we have ap(E) ≡ αp mod p. The Frobenius at p acts
on E˜p[p] via multiplication by αp ≡ ap(E) mod p. Let Cp be the kernel of the natural
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quotient map E[p] −→ E˜p[p]. Then, Gp acts on Cp via the character ωpψ
−1 where ωp is
the Teichmuller character at p.
Put K = Q(E[p]). Let
ρ¯ : Gal(Q/Q) −→ GL2(Fp)
be the Galois representation given by the action of Gal(K/Q) on E[p]. If E has good
ordinary reduction at p, the restriction of ρ¯ to Gp is equivalent to the form
(3.1)
(
ωpψ
−1 ⋆
0 ψ
)
.
Now suppose that E[p] is an irreducible Gal(Q/Q)-module. We shall need the follow-
ing well-known lemma whose proof shall be omitted.
Lemma 3.2. Let G be a group operating on a vector space V over a field F . If G has a
central element which acts on V by multiplication by an element of F not equal to 1, then
H i(G, V ) = 0 for all i ≥ 0.
As a consequence of the above Lemma we have the following (see [LW]).
Lemma 3.3. Let G be a finite subgroup of GL2(Fp) operating irreducibly on E[p] =
Fp + Fp, thenH
i(G,E[p]) = 0 for all i.
Proof. First suppose that p ∤ |G|. Then H i(G,E[p]) = 0 for all i as |G| annihilates
H i(G,E[p]). Now suppose that G contains a non-trivial p-Sylow subgroup. If a p-Sylow
subgroup ofG is normal in G, then, up to conjugacy,G is contained in the group of upper
triangular matrices. In particular, the action of G on E[p] is reducible, contrary to our
assumption. Therefore a p-Sylow subgroup cannot be normal in G, so there are at least
2 distinct p-Sylow subgroups in G which can be assumed to be the group of upper and
lower triangular unipotent matrices in SL2(Fp). Since SL2(Fp) is generated by the group
of upper and lower triangular unipotent matrices we get that SL2(Fp) is contained inG. In
particular,−I is also contained in G. Therefore the action of Z(G) on E[p] is non-trivial.
Lemma 3.2 therefore proves this lemma. 
As a consequence of Lemma 1 ifE[p] is an irreducible representation ofGal(Q(E[p])/Q),
the restriction map
H1(Q, E[p])
resK−→ H1(K,E[p])
is injective. Let f ∈ H1(Q, E[p]) be a non-trivial element. Then resK(f) : Gal(K/K) −→
E[p] is a non-trivial homomorphism. LetKf be the field defined by the kernel of resK(f).
Theorem 3.1. Suppose that the following holds:
(a) E has good reduction at p.
(b) If E has ordinary reduction at p, ap(E) = 1 mod p and E has no CM then ρ¯ is
wildly ramified at p.
(c) cv(E) is a p-adic unit for every finite prime v 6= p.
(d) E[p] is an irreducible Gal(Q/Q)-module.
Then, rank Fp(Ker(res
ur
p )) ≥ rank Fp(Selp(E/Q)) − 1. Furthermore, resK induces an
injective homomorphism
resK : Ker(res
ur
p ) −→ HomGal(K/Q)(ClK , E[p]) ⊂ H
1(K,E[p]).
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Proof. Let f ∈ Selp(E/Q). First we shall show that f is unramified outside p. Let v 6= p
be a finite prime of Q. Consider the commutative diagram
(3.4) 0 // E(Qv)/pE(Qv)
λ

κv // H1(Qv, E[p])
µ

0 // E(Qurv )/pE(Q
ur
v )
κurv // H1(Qurv , E[p]).
To show that f is unramified at v it is enough to show that f is p divisible in E(Qurv ).
This follows from the assumption that v is coprime to p and cv(E) is a p-adic unit; see
for example, [BLR, Lemma 2] and [AS, Lemma 3.4, Lemma 3.6]. (Basically, this result
follows from the fact that E(Qurv ) can be treated as an extension of Z
ur
v by one of the
groupsGa(F¯v),Gm(F¯v), E(F¯v) depending on the reduction ofE mod v, and a finite group
of order cv(E). Observe too, that this crucial fact E(Q
ur
v )/pE(Q
ur
v ) = 0 say at places of
good reduction uses projectivity of the group variety E, and in particular, it does not hold
for Gm.)
If v is an infinite place then since p is odd we again get that f is unramified.
If f ∈ Ker(resurp ), then f is unramified at p and therefore it is unramified at all primes of
Q. In this case, resK(f) is a Gal(K/Q)-equivariant homomorphism fromGal(K¯/K) −→
E[p]which is unramified at all prime ofK and which by Corollary 3.3 induces an injective
homomorphism from
Ker(resurp ) −→ HomGal(K/Q)(ClK , E[p]).
Next we show that Im(resurp ) has Fp-rank at most 1, and hence rank Fp(Ker(res
ur
p )) ≥
rank Fp(Selp(E/Q))− 1 which will prove the theorem.
From the structure theory of rational points of an elliptic curve over a local field, we
have that E(Qp) ∼= Zp ⊕ E(Qp)(torsion). If ap(E) 6= 1 mod p or ρ is wildely ramified
then we shall show that E(Qp)[p] = 0. This implies that Im(κp) has has Fp-rank 1. Since
Im(resp) ⊂ Im(κp) and res
ur
p factors through resp, proving that the Im(res
ur
p ) has Fp rank
at most 1.
First we consider the case when E has good ordinary reduction at p and ap(E) 6= 1
mod p. From the assumption that ap(E) 6= 1 mod p, we have H
0(Qp, E˜p[p]) = 0. On
the other hand since ωp is ramified at p and ψ is unramified, Gp acts on Cp non-trivially.
Thus H0(Qp, Cp) = 0. This shows that H
0(Qp, E[p]) = E(Qp)[p] = 0. If ⋆ in equation
(1) above is non-trivial, then since ωp is non-trivial, we again see that H
0(Qp, E[p]) =
E(Qp)[p] = 0.
In the supersingular case, it is well-known thatE(Qp)[p] = 0 (see for example, [E], [K,
Proposition 8.7]). This again implies that rank Fp(Imκ
ur
p ) = 1.
Finally we consider the case when E has CM and ap(E) = 1 mod p. This implies that
in representation (3.1), ψ is the trivial character. For elliptic curves with CM we donot
need to assume that ρ is wildly ramified, even if ap(E) = 1 mod p in which case we have
H0(Qp, E˜p[p
∞]) ∼= Z/pZ.
Since E has good ordinary reduction at p, we have an exact sequence of Gp-modules
(see [Gr, Section 2]),
(3.5) 0 −→ E+[p∞] −→ E[p∞] −→ E˜p[p
∞] −→ 0.
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Both groups, E˜p[p
∞] and E+[p∞] are isomorphic to Qp/Zp. The Gp-module E˜p[p
∞] is
unramified and the inertia group Ip at p acts on E
+[p∞] via the p-th cyclotomic character
χp. Further, since E has CM, the corresponding dual exact sequence is split exact se-
quence when tensored with Q, from which we deduce that H0(Qurp , E˜[p
∞]) ∼= Qp/Zp ⊂
H0(Qurp , E[p
∞]). From the structure theorem of submodules of Qp/Zp +Qp/Zp and us-
ing the fact that Z/pZ + Z/pZ cannot be contained in H0(Qurp , E[p
∞]), it follows that
H0(Qurp , E[p
∞]) ∼= Qp/Zp. Therefore, a non-zero element in H
0(Qp, E[p
∞]) ∼= Z/pZ is
not p-divisible, but it is p-divisible inH0(Qurp , E[p
∞]). Thus we get an element in E(Qp)
which is non p-divisible, but p-divisible in E(Qurp ). In particular, the natural map
(3.6) φ : E(Qp)/pE(Qp) −→ E(Q
ur
p )/pE(Q
ur
p )
is not injective. Since H0(Qp, E[p
∞]) ∼= Z/pZ, we get that E(Qp) ∼= Zp ⊕ Z/pZ.
Therefore, Fp-rank of E(Qp)/pE(Qp) is two. Since res
ur
p factors through φ and κ
ur
p and φ
is not injective, we get that the Im(resurp ) has Fp-rank ≤ 1. Hence, the claim follows. 
Corollary 3.7. Under the hypothesis of the theorem on the elliptic curve E over Q, if
either rankFp(X(E)[p]) > 1, orX(E)[p] 6= 0, andX(E)[p
∞] <∞, then there exists an
unramified abelian extension ofQ(E[p]) with Galois groupE[p], Galois overQ, on which
Gal(Q(E[p])/Q) ⊂ GL2(Z/p) operates by the standard 2 dimensional representation of
GL2(Z/p) over Z/p. If X(E)[p] = 0 but then if Mordell-Weil rank of E over Q is ≥ 2,
then also there exists such an unramified abelian extension of Q(E[p]) with Galois group
E[p].
Proof. Observe that if X(E)[p∞] < ∞, then X(E)[p] has order which is a square, in
particular, if X(E)[p] is nonzero, its rank over Z/p is at least 2. Note also that under
the hypothesis of the Theorem 3.1, the action of Gal(Q(E[p])/Q) ⊂ GL2(Z/p) on E[p]
is irreducible, and hence any non-trivial homomorphism resK(f) : Gal(K/K) −→ E[p]
which is Gal(K/Q)-equivariant must be surjective, constructing an unramified extension
ofK with Galois group E[p]. 
Remark 3.8. In Theorem 3.1, all our analysis is done with the Selmer group, not distigu-
ishing the part of it coming from the Mordell-Weil group, and the part coming from X.
In fact there have been papers constructing unramified extensions of Q(E[p]) using the
Mordell-Weil group, see e.g. [SY] and [TH], which give conclusions of the form that if
the Mordell-Weil group is sufficiently large compared to number of places of Q where E
has bad reduction, then the classgroup of Q(E[p]) is nonzero. It may be remarked that
dealing with extensions of Q(E[p]) using the Mordell-Weil group is easier in the sense
that these extensions come from extensions of Q.
Example 1 Let E be the elliptic curve defined by the equation
y2 + xy = x3 − x2 − 332311x− 73733731.
The Cremona level of E is 1058d1. Then it follows from [LMFDB] that E[5] is an irre-
ducible representation with full image of Galois representation equal toGL2(F5). Further
the Tamagawa number is equal to 1 at primes of bad reduction 2 and 23. Again from
[LMFDB], we have that X(E/Q)[5] has F5-rank two and ap(E) = −2 6= 1 mod 5. As
a consequence we get that the ideal class group ClK for K = Q(E[5]) has a quotient
isomorphic to E[5] as Gal(K/Q)-module.
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We mention that to produce a quotient of ClK/pClK isomorphic to E[p], it is not nec-
essary to assume thatX(E/Q)[p] is non-trivial. The elliptic curve,
F : y2 + xy + y = x3 + 2
given by Cremona number 1058c1 satisfy assumptions (a) to (d) of Theorem 3.1. In fact,
F [5] ∼= E[5] as Gal(Q¯/Q)-module (see [CM, Table, page 25]). The Mordell-Weil rank
of F is two and X(F/Q)[5] = 0.
4. THE CONVERSE
In this section, we address the converse part of Question 2.1.
Let Rp(E/Q) be the subgroup of H
1(Q, E[p]) defined by the exact sequence
0 −→ Rp(E/Q) −→ H
1(Q, E[p]) −→
∏
v
H1(Qurv , E[p])
Lemma 4.1. Suppose that the following holds
(a) E has good reduction at p.
(b) IfE has ordinary reduction at p and ap(E) 6= 1 mod p thenE[p] is wildly ramified
at p.
(c) cv(E) is a p-adic unit for every finite prime v 6= p.
Then Rp(E/Q) ⊂ Selp(E/Q).
Proof. Let f ∈ Rp(E/Q). Then f |Iv is zero in H
1(Qurv , E[p]) and therefore the image
of f in H1(Qurv , E) is also zero. We suppose first that v 6= p. Since cv(E) is a p-adic
unit,H1(Qv, E) −→ H
1(Qurv , E) is injective and therefore the image of f in H
1(Qv, E)
is zero. Thus to show that f ∈ Selp(E/Q), it is enough to show that the image of f in
H1(Qp, E) is also zero, which is what we do next.
Suppose that E has good and ordinary reduction at p. If ⋆ in representation 3.1 is non-
zero then E[p]Ip = 0 and we get that H1(Qurp /Qp, E[p]
Ip) = 0. If ⋆ is zero, from the as-
sumption ap(E) 6= 1mod p, the Frobenius at p acts on E[p]
Ip by a non-trivial character of
order prime to p. This implies that H0(Qurp /Qp, E[p]
Ip) = 0. Since Gal(Qurp /Qp) is pro-
cyclic, we get thatH1(Qurp /Qp, E[p]
Ip) = 0. ThereforeH1(Qp, E[p]) −→ H
1(Qurp , E[p])
is injective. This implies that f is trivial in H1(Qp, E[p]). Therefore the image of f in
H1(Qp, E) is zero.
Next, consider the case when E has supersingular reduction at p. Then, as is well-
known, E(F )[p] = 0 for every finite unramified extension F of Qp (see for example [E]).
This implies that E(Qurp )[p] = 0. Therefore the restriction map from H
1(Qp, E[p]) −→
H1(Qurp , E[p]) is injective. Again we have that the image of f in H
1(Qp, E[p]) trivial. In
particular, its image inH1(Qp, E)) is also trivial. This proves that f ∈ Selp(E/Q). 
For the next lemma, we will keep the notation K = Q(E[p]), Iv the inertia subgroup
of Gal(Qv/Qv) for a prime v of Q, and for a prime w|v of K, I
K
w will denote the corre-
sponding inertia subgroup of Gal(Kw/Kw).
Lemma 4.2. Let T be the set of finite primes v of Q not equal to p such that E has
mutiplicative reduction at v and E(Qurv )[p] has Fp-rank one. In the case p = 3, we
also assume that T contains the set of prime v such that E has additive potentially good
reduction with E(Qurv )[p] has Fp-rank one. Let v 6= p be a finite prime of Q for which
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cv(E) is a p-adic unit. Then H
1(Iv/I
K
w , E[p]) is non-trivial for a prime w|v of K if and
only if v ∈ T. Further, in this case the Fp-rank of H
1(Iv/I
K
w , E[p]) is also one.
Proof. First suppose that E has additive reduction at v 6= p. If E has potentially mul-
tiplicative reduction at v, there exist a ramified quadratic extension of Qv over which E
has split multiplicative reduction. Let χ be the corresponding ramified quadratic charac-
ter of the absolute Galois group of Qv. This implies that E is a ramified quadratic twist
of an elliptic curve E ′ with split multiplicative reduction at v and E[p] ∼= E ′[p] ⊗ χ as
Gal(Qv/Qv)-modules. Recall that ρ¯ denote the Galois representation associated to E[p]
and let ρ¯′ denote the Galois representation associated to E ′[p]. Since E ′ has split multi-
plicative reduction, E ′[p] is a semistable Galois representation. Therefore ρ¯′ restricted to
Iv is represented by matrices of the form
(
1 ⋆
0 1
)
. This implies that ρ¯ is represented by
matrices of the form
(
χ ⋆
0 χ
)
. Since χ is a ramified character, we get that E[p]Iv = 0.
Next suppose that E has additive reduction at v 6= p which is potentially good. In this
case it is well-known that Iv/I
K
w is a cyclic group of order at most 6. Thus if p ≥ 5
then Iv/I
K
w , has order prime to p and therefore H
1(Iv/I
K
w , E[p]) = 0. Finally, suppose
that p = 3 and E has additive and potentially good reduction at v. In this case Iv acts
on E[p] non-trivially (see for example [ST, Corollaries 2(b), 3]). Since Iv/I
K
w is cyclic,
the cardinality of H1(Iv/I
K
w , E[p]) and H
0(Iv/I
K
w , E[p]) = E(Q
ur
v )[p] are the same. As
Iv acts non-trivially on E[p], the Fp-rank of E[p]
Iv is at most one. Therefore if E[p]Iv is
non-zero, the Fv-rank of H
1(Iv/I
K
w , E[p]) is one. We mention that it is well-known that
E(Qurv )[p] 6= 0 only when 3 divides the Tamagawa number of E over Qv(µ3).
Next, we suppose that E has multiplicative reduction at v 6= p. If E has non-split
multiplicative reduction at v, then there exists a quadratic unramified extension ofQv over
whichE has split multiplicative reduction. Thus ifE has multiplicative reduction at v then
it has split multiplicative reduction over Qurv . This implies that µp ⊂ E(Q
ur
v )[p]. Thus
E[p]Iv 6= 0. IfE[p]Iv has Fp-rank two then Iv/I
K
w is a trivial group. ThusH
1(Iv/I
K
w , E[p])
can be non trivial only when E(Qurv )[p] has Fp-rank one.
Now suppose thatE(Qurv )[p] = E[p]
Iv has Fp-rank one andE has multiplicative reduc-
tion at v. Since µp ⊂ Q
ur
v , and the determinant of the Galois representation ρ¯ associated
to E[p] is the cyclotomic character mod p, we get that ρ¯ restricted to Iv is equivalent to
the matrices of the form
(
1 ⋆
0 1
)
for ⋆ ∈ Fp. Further, since E[p]
Iv 6= E[p], Iv acts on
E[p]-nontrivially. Therefore the image of ρ¯ has order p and it is a p-Sylow subgroup of
G = Gal(K/Q). In particular, Iv/I
K
w is a cyclic group of order p. This implies that the
Fp-rank of H
1(Iv/I
K
w , E[p]) is one. This proves the lemma. 
Theorem 4.1. Suppose that the following holds
(a) E has good reduction at p.
(b) If E has ordinary reduction at p and ap(E) 6= 1 mod p then that E[p] is wildly
ramified at p.
(c) cv(E) is a p-adic unit for every finite prime v 6= p.
(d) E[p] is an irreducible Gal(Q¯/Q)-representation.
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Then
rankFpHomG(ClK/pClK , E[p]) ≤ rankFpSelp(E/Q) + #T.
Proof. Consider the commutative diagram
0 // Hom(ClK/pClK , E[p])
G // H1(K,E[p])G //
∏
v(
∏
w|vH
1(Kurw , E[p]))
G
0 // Rp(E/Q)
α
OO
// H1(Q, E[p])
β
OO
//
∏
vH
1(Qurv , E[p])
∏
γv
OO
where v varies over the primes ofQ and w varies over primes ofK. From Lemma 3.3, β
is an isomorphism.
The kernel of γv : H
1(Qurv , E[p]) −→
∏
w|vH
1(Kurw , E[p]))
G is same as the ker-
nel of H1(Qurp , E[p]) −→ H
1(Kurw , E[p])) for fixed prime w|v of K, which is equal
toH1(Iv/I
K
w , E[p]).
Let w|p be a prime of K. We shall show that H1(Ip/I
K
w , E[p]) = 0. First we consider
the case when E has supersingular reduction at p. It is well-known that the action of Ip on
E[p] factors through a cyclic group of order prime to p, see for example [E], and also [BG,
Theorem 1.2] for an exposition. As a consequence, we get that H1(Ip/I
K
w , E[p]) = 0.
Next, consider the case when E has ordinary reduction at p. If ⋆ = 0 in the repre-
sentation 3.1 then Ip/I
K
w has order prime to p and therefore H
1(Ip/I
K
w , E[p]) = 0. Now
suppose that ⋆ 6= 0. Let P be the unique p-sylow subgroup of H := Ip/I
K
w . Then it is
enough to show that H1(P,E[p])H/P = 0. We have an exact sequence of H-modules
0 −→ A −→ E[p] −→ B −→ 0
where P acts trivially on Fp-rank one modules A and B. By considering the correspond-
ing long exact sequence of cohomology groups, it is easy to see that the natural map
H1(P,E[p])→ H1(P,B) induced by the surjective map E[p] → B is in fact an isomor-
phism.
Since H/P acts trivially on B and non trivially on P , we get that H1(P,B)H/P = 0.
Thus H1(P,E[p])H/P = 0 and therefore H1(H,E[p]) = H1(Ip/I
K
w , E[p]) = 0.
As a consequence of the snake lemma, the above commutative diagram and Lemma
4.2, we have
rankFpHomG(ClK/pClK , E[p]) ≤ rankFpRp(E/Q) + #T.
Wemention that ifT is an empty set then in fact we have rankFpHomG(ClK/pClK , E[p]) =
rankFpRp(E/Q). From Lemma 4.1, Rp(E/Q) ⊂ Sel(E/Q) and this proves the theo-
rem. 
Example 2 : Consider the following elliptic curve with Cremona number 423801ci1 and
conductor 32 · 72 · 312 from [LMFDB].
E : y2 + y = x3 − 17034726259173x− 27061436852750306309
From [LMFDB], we get that E[5] is an irreducible Gal(Q/Q)-module with the image of
associated Galois representation as GL2(F5). The curve E has additive reduction at the
primes 3, 7 and 31 and has good and ordinary reduction at 5 with a5(E) = 4 6= 1 mod 5.
The Tamagawa numbers are 5-adic unit at all primes of bad reduction. In this case the set
T is empty. TheMordell-Weil rank ofE is 0 andX(E/Q) has cardinality 625. We do not
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know ifX(E/Q) ∼= Z/25Z⊕Z/25Z orX(E/Q) ∼= Z/5Z⊕Z/5Z⊕Z/5Z⊕Z/5Z. In
any case, as a consequence of Theorem 3.1, we get that rankF5HomG(ClK/5ClK , E[5])
is at least one. Further, since T is empty, from Theorem 4.1 we get that R5(E/Q) ∼=
HomG(ClK/5ClK , E[5]) and it is a non-trivial group. We also mention that being a sub-
group of Selp(E/Q), in general R5(E/Q) may be the trivial group even if Selp(E/Q) is
non-trivial. But in this particular example, R5(E/Q) is a non trivial group and every ele-
ment ofHomG(ClK/5ClK , E[5]) is in the image ofR5(E/Q) under the natural restriction
map of Galois cohomology.
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